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Abstract

The boundary element (BE) methodology has emerged as a powerful tool in modeling a broad range of different
transport phenomena of biomolecules in dilute solution. These include: sedimentation, diffusion (translational and
rotational), intrinsic viscosity, and free solution electrophoresis. Modeling is carried out in the framework of the
continuum primitive model where the biomolecule is modeled as an arbitrary array of solid platelets that contains
fixed charges within. The surrounding fluid is modeled as a electrodynamic/hydrodynamic continuum which obeys
the Poisson and low Reynolds number Navier—Stokes equations. Ion relaxation (the distortion of the ion atmosphere
from equilibrium) can also be accounted for by solving the coupled ion transport equation (for each mobile ion
species present), Poisson, and Navier—Stokes equations in tandem. Several examples are presented in this work. It is
first applied to a detailed model of 20 bp DNA and it is concluded that it is not necessary to include a layer of bound
water to reconcile experimental and model translational diffusion constants. With regards to diffusion, the BE
approach is also applied to a 375-bp supercoiled DNA model (without ion relaxation), and also 20-60-bp DNA
fragments with ion relaxation included in order to assess the magnitude of the electrolyte friction effect under a
number of different salt/buffer conditions. Attention is then turned to modeling the electrophoretic mobility of
three different cases. First of all, we consider a sphere with a central charge large enough in magnitude to insure that
ion relaxation is significant. Excellent agreement with independent theory is obtained. Finally, it is applied to
modeling short DNA fragments in KCI and Tris acetate salts. Quantitative agreement is achieved when the salt is
KCl, but the calculated (absolute) mobility in Tris acetate is substantially higher than the experimental value. The
interpretation of this is that there is an association between Tris* and DNA (perhaps hydrogen bonding) not
accounted for in our modeling that is responsible for this discrepancy. © 2001 Elsevier Science B.V. All rights
reserved.
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1. Introduction

Sedimentation, translational, and rotational
diffusion constants as well as intrinsic viscosities
are transport properties that provide useful infor-
mation about the size and possibly shape of bio-
molecules or particles in dilute aqueous solution.
These transport properties are measurable by
a variety of experimental techniques including
ultracentrifugation [1] (sedimentation), polarized
and depolarized dynamic light scattering [2—4]
(translational and rotational diffusion constants),
fluorescence depolarization [5,6] (rotational dif-
fusion constants), NMR [4,6], and various visco-
metric methods [7] (intrinsic viscosity). In order to
interpret these transport properties, it is usual to
assume that the fluid surrounding the particle can
be treated as a hydrodynamic continuum with
uniform viscosity m (Newtonian fluid). It is conve-
nient to define a solvent accessible surface, S,
that is generated by ‘rolling’ a probe sphere of
radius o, over a space filling model of the bio-
molecule or particle [8]. For water, o, =14 A is
appropriate since this corresponds to the distance
of closest approach of the oxygen atoms in water
[9]. Moving outward from S, into the fluid, the
local viscosity changes from a high value to m
over a narrow region. An additional assumption
usually made is to contract this narrow region to
a smooth surface enveloping the particle called
the hydrodynamic shear surface, S, 4. Experi-
ments on a number of systems have shown that
Shyq 1s located at 1+ 1 A from the actual parti-
cle-solution interface, or S, [10]. Traditionally,
inferences about particle size and shape have
been made by interpreting transport properties in
terms of simple geometrical models such as ax-
isymmetric ellipsoids, long rods, and random coils
[11,12]. Over the last 25 years, it has become
possible to interpret these transport properties in
terms of detailed, possibly atomic resolution mod-
els. The development of these modeling tech-
niques is particularly timely given the current
availability and sheer volume of high resolution
structural information. Basically, two distinct but
related modeling techniques have emerged. In
the ‘bead method’ approach, which has its roots
in the pioneering work of Kirkwood and co-

workers [13] and subsequent investigators [14],
the particle is modeled as an array of beads which
can, in the general case, be of unequal size and
overlapping. The literature on the bead method
approach is extensive and only a few articles shall
be cited here [15-19]. In the boundary element
(BE) approach, the particle is represented as a
closed, but arbitrary rigid body made up of a
series of interconnected platelets and the assump-
tion is made that various physical quantities (hy-
drodynamic stress forces, for example) are uni-
form over individual platelets, but can vary from
one platelet to another. The application of the
BE approach to purely hydrodynamic transport is
also extensive [20-24]. In a formal sense, the
‘bead’ and BE approaches are closely related with
the fundamental hydrodynamic units being
spheres in the former case and platelets in the
latter case. Both allow detailed modeling of the
hydrodynamic shear surface, Sy 4 and a compar-
ison of that surface with the solvent accessible
surface, S,,. This, in turn, allows us to investigate
whether or not there exists a layer of water which
moves with the particle as a rigid object, and that
is a question of considerable interest in this spe-
cial issue of Biophysical Chemistry.

In addition to the transport properties men-
tioned in the previous paragraph, which provide
size /shape information about biomolecules and
particles, there are additional transport proper-
ties measured in the presence of electric fields
that provide information about biomolecular
charge as well. Perhaps the most notable of these
transport properties is the electrophoretic mobil-
ity. The various electrophoretic methods [25] have
proven to be of enormous value as a separation
technique, but have not been widely used as
structural probes because the complex interaction
between macroion, solvent, mobile salt, gel (if
present), and external electric field has made it
difficult to interpret electrophoretic mobilities. In
the absence of a gel support medium, which is
called ‘free solution’ electrophoresis, the problem
of interpretation is more straightforward and re-
cent developments in membrane confined analyti-
cal electrophoresis [26], and capillary elec-
trophoresis [27] have made free solution elec-
trophoresis a viable experimental method for



S.A. Allison / Biophysical Chemistry 93 (2001) 197-213 199

comparatively large and highly charged bio-
molecules. The underlying model used in classical
electrophoresis theory is similar to the continuum
hydrodynamic model discussed in the preceding
paragraph, but account must also be taken of the
particle charge, its distribution, and the ion atmo-
sphere. Additional model assumptions include:
the polyion interior and solvent are modeled by
uniform dielectric constants e; and ¢,, respec-
tively; the mobile ions are modeled as a contin-
uum and their distribution around the polyion
satisfies the Poisson equation [28]; and the
transport of each mobile ion present obeys an ion
transport equation. For a charged particle under-
going steady state motion in a constant electric
and/or flow field, it is also necessary to account
for the distortion of the ion atmosphere from its
equilibrium value. This ‘ion relaxation’ effect will
be important unless the polyion is weakly charged
[29,30]. What makes this a substantially more
difficult problem than the transport of a un-
charged particle is that the fluid motion (via the
low Reynolds number Navier—Stokes equation)
becomes inextricably coupled with the Poisson
and ion transport equations. Until recently, this
classical theory had only been applied to simple
model structures such as spheres with a cen-
trosymmetric charge distribution [29,31-33], long
cylinders [34,35], or non-uniformly charged
spheres with ‘thin double layers’ [36]. However, it
is possible to solve the problem for polyions of
arbitrary shape and charge distribution by an
iterative BE procedure [37-39].

In general, charge effects influence sedimenta-
tion and diffusion constants as well as intrinsic
viscosities even when external electric fields are
not present. The best way to understand this is to
consider the example of a sedimenting, highly
charged polyion such as a DNA fragment. The
streaming flow of solvent past the fragment will
distort the ion atmosphere and give rise to an
additional viscous drag, or ‘electrolyte friction’
[40-46] not present for the corresponding un-
charged fragment, and this reduces sedimentation
and diffusion constants. Similarly, ‘ion relaxation’
increases the intrinsic viscosity of a dilute suspen-
sion or rigid polyions placed in a fluid shear field,

and this phenomenon is referred to as the
‘primary electroviscous effect’ [47-50]. For a re-
view of these issues, the reader is referred to the
text by Schmitz [51]. The effects of charge on
sedimentation and diffusion are expected to be
small and perhaps negligible for a weakly charged
biomolecule in high salt, but the effect becomes
more important as the polyion charge increases
or the ambient salt concentration decreases. For
a highly charged polyion such as DNA at low salt,
we feel it is worth considering the effects of
charge on sedimentation and diffusion.

The overall objective of the present work is to
demonstrate the power and versatility of BE mod-
eling as applied to an array of transport pheno-
mena in use in biophysics today. The hydrody-
namic BE approach is first reviewed and it is then
applied to a number of problems. First, detailed
models of short DNA fragments are examined in
the absence of ion relaxation and the diffusion
constants compared to experiment. The same ap-
proach is then applied to a wormlike chain-cylin-
der model of a 375-bp supercoiled DNA to illus-
trate the application of BE modeling to large and
complex biomolecules. Next, we review how ‘ion
relaxation’ is accounted for in the BE procedure
and this more general algorithm is then used to
determine the translational diffusion constants of
the same short DNA model fragments considered
previously in order to gauge the significance of
electrolyte friction at several salt concentrations.
The application of the BE procedure to de-
termine free solution steady state electrophoretic
mobilities of model polyions is discussed next. To
test the modeling procedure with regards to the
electrophoretic mobility, it is first applied to a
sphere: (a) sufficiently charged to insure that ion
relaxation substantially reduces the mobility; and
(b) under conditions that make direct comparison
with independent theory possible. The mobility of
20-bp DNA models is then considered and the
effects of the ion atmosphere, surface model, and
ion relaxation examined. At 11 M KCl, the calcu-
lated and experimental mobilities are compared
and shown to be in excellent agreement with each
other. Finally, we briefly consider buffer effects
on the mobility of short DNA fragments to illus-
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trate how the modeling procedures employed in
this work may be of use in studying the ‘binding’
of ions to biomolecules.

2. Boundary element methodology

The boundary element (BE) method has been
thoroughly discussed in previous work
[20-24,37-39,50] so the present treatment shall
be kept primarily to the form of an outline. The
hydrodynamic portion of BE modeling will be
presented in more depth in order to illustrate the
approach to the reader who may have some famil-
iarity with hydrodynamics, but not the BE metho-
dology. The texts by Ladyzhenskaya [52] and Kim
and Karrila [22] are excellent sources of informa-
tion on hydrodynamic theory from the BE per-
spective.

The particle is assumed to be a rigid body with
hydrodynamic shear surface, S, 4, entirely enclos-
ing it. On §y 4, the assumption is made that the
particle velocity and local fluid velocity are equal
and this is called the ‘stick® hydrodynamic
boundary condition. An alternative boundary con-
dition, called ‘slip’, corresponds to matching only
the normal component of the particle and fluid
velocities on Sy 4 along with the additional as-
sumption that there is no tangential component
of stress on S, 4 [53]. Although there are cases
which appear to be better described by the ‘slip’
rather than ‘stick” boundary condition, such as the
rotational diffusion of simple aromatic molecules
in non-aqueous solvents [54], there is general
agreement that the ‘stick’ case is appropriate for
biomolecules in aqueous solvent. Although it is
possible to apply BE modeling to the ‘slip’ case
[21,24,53], the present work shall be limited to the
‘stick’ boundary condition. The solvent is repre-
sented as a Newtonian fluid with viscosity and the
assumption is made that the motion of the parti-
cle is small enough so that the local fluid velocity,
v, and pressure, p, are well described by the
linearized Navier—Stokes and solvent incompress-
ibility equations

nWv(y) = Vp(y) = —s(y) (1)

V-v(y) (2

where y is some point in the fluid domain, and
s(y) is the external force/unit volume on the
fluid at y. In the present work, local net charge
densities, p(y), interacting with local electric fields
(—VA(y) where A(y) is the local electrodynamic
potential) gave s(y)= —p(y)VA(y). Typical in
modeling, the particle is translated with velocity
u, and rotated with angular velocity w about
some fixed but arbitrary point, o, located within
the particle and this point is chosen as the origin
of a body-fixed reference frame. At point y, on
the particle surface, we also know the fluid veloc-
ity from the ‘stick’ boundary condition.

v(y) =u, + 0xy )
The fluid velocity at any point in the fluid or on

Shya» subject to the stick boundary condition, is
given by the following integral representation [24]

v(y) =v.(y) +vO(>y) +vD(y) 4)

where v,(y) is the velocity the fluid would have at
y if the particle were not there,

yO(y) =fU(x,y)-s(x)de (5)
|4
yD(y) = — / U(x,y)-f(x)dS, (6)
Shyd
UCr) = = g | 1+ 5] @
r=y—x; r=|r| (®

f in Eq. (6) represents the hydrodynamic stress
force per unit area at point x on the hydrody-
namic surface of shear and can be determined
from the assumed motion of the particle and
boundary conditions as discussed shortly. U in
Eq. (8) is a tensor representing the ‘singular’
solution, I is the 3 X 3 identity tensor, and rr the
position dyadic. Also, V' in Eq. (5) denotes the
entire fluid volume exterior to the particle. In the
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absence of external forces, which would be the
case if our particle were uncharged, Eq. (5) van-
ishes. It is convenient to divide S, into a series
of N platelets and, if v is non-vanishing, the
volume around the particle into M shells consist-
ing of a total of N*(M — 1) volume elements
[38,39]. Since the variation in s is greatest near
the particle, the thickness of the shells are chosen
to increase as one moves away from the surface.
An example of the partitioning of S, for a 20-bp
DNA fragment into 352 triangular platelets is
shown in Fig. 1. Also illustrated by the wireframe
triangles are shell numbers 5-9 corresponding to
a single platelet. The assumption is made that
field quantities are constant over a particular
platelet (such as v or f) or volume element (such
as v or s) but that these field quantities can vary
from one platelet or volume element to the next.
For point y; at the centroid of platelet i on Sy,

N
vi=v,, v+ Y G, f; 9)
j=1
where
v = —fU(x,yi)'s(x)de (10)
v
G,y = = [ Ulxy)ds, (an

J

and §; denotes the surface of platelet j. The
unknowns in Eq. (9) are the f; values since the
fluid velocity in the absence of the particle, the
velocity of the particle itself, and (if present) s(x)
are known, or in the case of s(x), at least approx-
imated. Eq. (9) represents 3N equations in 3N
unknowns. It is convenient to write this in matrix
notation as

v=v, +vO+G-f (12)

where the lower case symbols represent 3N X 1
column vectors and the upper case G represents
the 3N by 3N supermatrix made up of the NZ
3 X3 G;; matrices. Although large, it is straight-
forward to compute the G matrix once the shear

Fig. 1. Solvent accessible surface of 20-bp DNA (pd(A),,-
pd(T),,) represented as 352 flat triangular plates. Space exte-
rior to the polyion in the fluid domain is subdivided into shells
and each shell, in turn, is subdivided into a large number of
volume elements. A few of these volume elements are illus-
trated by the wireframe triangles.

surface and its subdivision are defined. It can
then be inverted to give

f=G '(v —v, —v®) (13)

Once Eq. (13) has been solved, it is straightfor-
ward to compute friction tensors as shall be dis-
cussed next. It is also straightforward to de-
termine v throughout the fluid domain by numer-
ically solving Eq. (4) using discretization proce-
dures similar to that employed to determine f.

Before computing various resistance tensors, it
is necessary to compute total forces, z, and
torques, ¢, on the fluid from the relations

2= 2 [ A+ LsVy (14)
i k

ty=2 (yxf) A+ 3 (yexs )V (15
i k

where ‘x’ denotes cross-product, the sum over i is
over all surface platelets, and the sum over k is
over all volume elements. The subscript ‘0’ ap-
pearing in Egs. (3) and (15) and some of the
tensor quantities that follow signifies that the
quantity depends on the choice of origin. In a
‘case 1’ transport problem, the particle is trans-



202 S.A. Allison / Biophysical Chemistry 93 (2001) 197-213

lated /rotated in a fluid which is at rest except for
the perturbation produced by the motion of the
particle itself and its associated ion atmosphere.
The total force and total torque exerted by the
particle on the surrounding fluid are related to u,
and o by [55]

V=E u, + Eg’c-w (16)
() =E, 0, + Bl (7

where =, E,,, and E . are the translation,
rotation, and translation—rotation coupling resis-
tance tensors, and the ‘T” superscript denotes
transpose. Also, the ‘(1) superscript denotes a
case 1 transport problem. By translating (but not
rotating) along three orthogonal directions, and
then rotating (but not translating) about three
orthogonal directions, it is straightforward to
compute the three tensors E,, E ., and E,.
The connections between these resistance tensors
and the corresponding mobility or diffusion ten-
sors are well known [22,55-57]. The origin depen-
dent translational diffusion tensor, D, , and ori-
gin independent rotational diffusion tensor, D,
are given by [55,57]

Do,t szT(Et_Egﬂ,c'Eg,}.Eo,c)i (18)
. -1
DrszT(Eo,I_Eo,c.Et 1.Egc) (19)

Within a numerical constant, D,, also equals
the mobility tensor, a, of Kim and Karilla [22].
The second terms on the right hand side of Egs.
(18) and (19) are zero in the event of no coupling
of translational and rotational motions. One point
of interest in what follows will be the significance
of translation—rotation coupling for the detailed
DNA models used in this work. Given the ‘pro-
peller-like’ nature of detailed DNA models such
as that illustrated in Fig. 1, we do not expect
translation—rotation coupling to vanish. A de-
tailed discussion of the symmetry properties of
structures that exhibit translation—rotation cou-
pling can be found elsewhere [56]. It will prove
convenient to also define the following scalar

quantities

kgT
D¢ = ——Tr(E;" (20)
D= %Tr(DOyt) (21)

where “Tr’ denotes summation over the diagonal
terms of the tensor. As discussed by Garcia de la
Torre and coworkers [55,57], the translational
diffusion tensor is only meaningful when referred
to a specific point, the center of diffusion, d. They
go on and give specific equations for determining
d as well as the translational diffusion tensor in a
reference frame with d chosen as the origin, Dg,.
These equations will not be reproduced here. The
origin independent translational diffusion con-
stant, D,, measured in an experiment such as
light scattering [2,3] is

1
D, = zTr(D,,) (22)

For the models considered in this work, the
starting origin is chosen as the center of mass of
the particle. The rotational diffusion tensor, trans-
lational diffusion constants D/, D¢, and D, as
well as d are computed as described above.

3. Diffusion constants of some (uncharged) model
DNA structures

The experimentally measured translational and
rotational diffusion constants of short DNA frag-
ments can be accurately reproduced by modeling
them as uncharged right circular cylinders of
length L (in A)=3.4n,, and radius R=10 A,
where My is the number of base pairs [4,6]. For
this model, D, is given by [58]

kyT
Dt = W(lnb + ’Y) 23)

v=0.312+0.565/b + 0.10 /b* (24)
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where b =L /2R. For a 20-bp DNA in water at
20°C and m = 0.01 poise, Egs. (23) and (24) give
D, =10.80 X 10~7 cm?/s. The experimental D, is
10.86 X 107 c¢m?/s in water at 20°C containing
0.10 M NaCl and 0.05 M phosphate buffer at pH
7.0 [4]. Under these relatively high salt conditions,
electrolyte friction effects should be small as dis-
cussed later. We consider now the diffusion con-
stants calculated from BE modeling that accounts
for the detailed surface topography of the frag-
ments. An all atom representation of a standard
B-form 20 bp DNA fragment, or more precisely
pd(A),, - pd(T),,, is generated by SYBYL. The
procedure used to generate the solvent accessible
surface, S, is described in detail elsewhere [39].
Basically, one rolls a 1.4-A probe sphere over a
space filling, 352 platelet model of the structure
and the result is the solid object in Fig. 1. BE
modeling of this uncharged model yields D, D?,
and D, =10.88x 10"7 cm?/s to within 0.1% of
each other. This result illustrates two important
points. First of all, the fact that BE modeling of a
detailed structure yields a D, that is only 0.7%
higher than the prediction of Egs. (23) and (24)
shows that the surface of hydrodynamic shear,
Shyas and S, , are nearly coincident. This is con-
sistent with earlier work [10]. The second point is
that translation—rotation coupling must be negli-
gible for this model given the near equality of
D¢, D?, and D,. As a consequence, the depen-
dence of the various friction and diffusion/mo-
bility tensors on the choice of origin should also
be weak or negligible.

The BE method is not restricted to relatively
small biomolecules such as the 20-bp DNA frag-
ment considered above. To illustrate this, we have
modeled a torsionally stressed supercoiled 375-bp
closed circular DNA with a linking number of
—4. Brownian dynamics simulation is first used to
model the DNA as a circular string of 40 beads
that are flexurally and torsionally deformable [59].
It is assumed that there are no permanent bends
in the structure and a bending force constant is
chosen to produce an overall persistence length
of 500 A [60]. Also, the torsional rigidity is set to
20x 107" erg cm which lies well within the
experimental range [61]. At the beginning of a
dynamical trajectory, the structure is placed in a

closed circular conformation that is torsionally
stressed to yield a linking number of —4 [62]. The
linking number, Lk, is a topological constant that
equals the sum of the twist, Tw, and writhe, Wr
[62]. Although Lk is constant, Tw and Wr vary
with time, but for the particular structure con-
sidered here, the Tw reaches a steady state value
after approximately 1 ws. It is allowed to relax for
several microseconds at 20°C in water (n =0.01
poise) to yield a representative equilibrium con-
formation. Since the pioneering work of Hager-
man and Zimm [63], the overall transport of flex-
ible structures have frequently been estimated by
generating representative conformations, comput-
ing the transport properties of those rigid confor-
mations, and averaging them. In the present work,
we shall simply consider one representative con-
formation. The resultant structure generated by
Brownian dynamics is sheathed in a closed circu-
lar cable consisting of 640 platelets with radius 10
A (contour length = 1275 A) and this is shown in
Fig. 2. At 20°C in water (v =0.01 poise), D/,
DS, and D,=2.187, 2.194, and 2.197 X107’
cm? /s and the center of diffusion is calculated to
be at a distance of 9.4 A from the ‘center of
mass’. As before, translation—rotation coupling is
seen to be very small. The eigen-values of Dy,
are 2.581, 2.076, and 1.934 X 10~7 cm? /s, respec-
tively, and are 5.624, 0.529 and 0.480 X 10° 1/s
for D,.

Fig. 2. BE model of a 375-bp closed circular DNA with
linking number = —4. The structure, represented by 640 in-
terconnected platelets, is flexurally and torsionally flexible.
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3.1. Electrolyte friction

As pointed out in Section 1, sedimentation and
diffusion constants of highly charged bio-
molecules are reduced because of the additional
frictional drag, or electrolyte friction, that arises
as a consequence of ion relaxation [40-46]. To
include this effect, it is necessary determine the
steady state, but non-equilibrium ion distributions
near an isolated macroion in case 1 transport.
The procedure employed to do this is described in
detail elsewhere [37-39] so the treatment here
shall be limited to an outline.

The continuum hydrodynamic—electrodynamic
model employed is the continuum primitive model
[64,65]. It is necessary to include in the
Navier—Stokes equation [Eq. (1)] the external
force /volume in the fluid domain, s(x), at point
x, which, in turn, requires knowledge of the elec-
trodynamic potential, A(x), and the local charge
density, p(x). The local charge density corre-
sponds to the fixed charge density of the macroion
if x lies inside the macroion and to the charge
density of the mobile ion atmosphere if x lies
outside. The mobile ion atmosphere is treated as
a continuum. To determine A(x), space is divided
into a region of low dielectric constant ¢;, charac-
teristic of the polyion interior, and a high dielec-
tric region ¢, characteristic of the bulk fluid. Let
the surface §; denote the boundary separating
the low and high dielectric regions. In general,
A(x), is related to p(x) by Poisson’s equation
[11,28,64,65]

V(e(x)VA(x)) = —4mp(x) (25)

both inside and outside of S,. On S,, the normal
derivative of A is discontinuous, but satisfies the
boundary condition

e,(VA(x,)n) =¢,(VA(x,)n)

interior —

exterior (26)
where x, is a point on S, n is a local outward
unit normal to S, (into the domain characterized
by dielectric constant &) at x, and the ‘interior’
(‘exterior’) subscripts indicate the derivative is
evaluated interior (exterior) to S,. In the present
work, we set g; = 4 [66] and the exterior dielectric

constant ¢,, to the value appropriate for water
(80.36 and 78.3 at 20 and 25°C, respectively) [67].
Past studies of electrophoretic mobilities carried
out by several different investigators with ion
relaxation included have shown that they are in-
sensitive to the choice of ¢; [32,33,68]. Because of
this, it shall be assumed that S, is coincident with
Sqs Which, in turn, is coincident with S, 4. This
assumption greatly simplifies the problem since
the same surface used in the BE solution of the
Navier—Stokes equation can be used here.

At equilibrium, the local ion density, p,,(x), is
related to the equilibrium electrostatic potential,
A,(x), by a Boltzmann relation,

Peg(X) = 4221 oq(x)

= qzzacaoe*qz(,Aeq(x)/kaT (©X))
o

where the sum over a is over all mobile ion
species of valence z,, g is the protonic charge,
Ny eq is the local equilibrium concentration of
species a, ¢, is the concentration of that ion far
from the macroion, 7" is the absolute tempera-
ture, and kg is Boltzmann’s constant. In this case,
Eq. (27) reduces to the non-linear Poisson—Boltz-
mann equation which can be solved by an itera-
tive BE procedure [69]. In the presence of an
external flow (or electric) field, however, p(x) will
deviate, perhaps slightly, from p.(x), and this
deviation will depend on the perturbing flow (or
electric) field and the mobilities of the small ions.
Under these conditions, it is necessary to also
solve a steady state ion transport equation for
each of the mobile species present,

Vij,=0 (28)

D,
Jo=ny—DYVn, + % (29)
B

where j, is the local current density of species,
n, the local concentration of that species, v the
fluid velocity, D, the diffusion constant of an «
ion, and s, the local external force on an « ion.
The difficulty with solving Egs. (1), (2), (25), (28)
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and (29) is that they are coupled together. For
example, in order to solve Egs. (28) and (29) for
the local ion densities, n,, we need to know v and
s,, but these, in turn, depend on the local ion
densities. This difficulty, however, can be dealt
with in an iterative cycle where successive esti-
mates of the interrelated quantities are used to
update others. To begin the cycle, we start by
initially ignoring ion relaxation. In other words, p
is approximated with p,, [Eq. (27)] in the solution
of Eq. (25) in order to obtain initial estimates of
A and n, throughout the fluid domain. Also Eqgs.
(1) and (2) are solved to obtain initial estimates of
v. These are then used in Egs. (28) and (29) to
obtain updated estimates of n,. This whole cycle
is repeated until all quantities converge [37]. At
first glance, it might appear that charge effects
would influence the diffusion of macroions even
in the absence of ion relaxation since equilibrium
charge densities and local electric fields produce
non-vanishing local equilibrium forces, s.,, on the
fluid. However, the net force on an equilibrium
polyion in the absence of a perturbing flow field
must vanish and hence s, makes no ner con-
tribution to z" and ¢{" in Egs. (14) and (15). In
the absence of ion relaxation, charge effects can
be ignored in case 1 transport and hence diffu-
sion. When ion relaxation is accounted for, how-
ever, polyion charge does contribute to diffusion.

In order to include ion relaxation, the diffusion
constants of the mobile ions, D,, are needed, or
equivalently, the mobile ion hydrodynamic radii,
r,=kgT/6mmD,. These are estimated from
limiting molar ionic conductivities, X, and the
Nernst—FEinstein relation [70]. In an aqueous me-
dia at 25°C (m = 0.89 cp) and X7, in 10~* m*/ohm
mole, then r, (in A) equals 92.01z2/X?. The X,
values (in 10~ * m? /ohm mol at 25°C) of K*, CI,
and acetate~ (CH;CO; or simply Ac™) are 73.48,
76.31 and 40.9, respectively [67]. An additional
cation of interest in this work is Tris™
((CH,OH),CNH}Y) which has a \%, of 29.72 [71].
In addition to the 20-base pair DNA fragment
considered previously (pd(A),, - pd(T),,), we shall
be interested in an 18-bp fragment (5'-
ACGATCACCTTTGCTCAC-3) that has been
studied by capillary electrophoresis [72]. Detailed
models derived from the secondary structure are

constructed for both the 18- and 20-bp fragments
following the same procedure discussed in the
previous section. In addition, a 60-bp fragment
modeled as a ‘capped cylinder’, or CC, consisting
of 240 platelets, is also examined. The CC models
[38] do not account for the detailed surface to-
pography of the DNA fragment, but are designed
to reproduce the D, expected using Eqs. (23) and
(24). The lower object in Fig. 3 is an example of a
CC model for 20-bp DNA consisting of 96
platelets. The translational diffusion constants in
the absence, D,(nr), and presence, D,(r), of ion
relaxation are shown in Table 1 under a number
of conditions. In Tris acetate salt at pH 8.0 half of
the Tris is protonated and the actual concentra-
tion of Tris* and Ac™ ions is only half the total
salt concentration [27]. (Some care must be taken
in identifying the actual ion concentrations in
Tris buffers since they depend on how the buffers
are prepared in the first place. A common prac-
tice is to start with Tris base and then add enough
acid to protonate half of the Tris (N. Stellwagen,
personal correspondence). It is assumed in the
present work that this procedure is followed.) The
salt concentrations listed in the table reflect the
ion concentrations, which are simply half the total
salt concentration of Tris acetate. Also note that
in all but one of the Tris acetate cases, the
phosphate charges in the DNA model are re-
duced from — 1.0, which they actually should be,
to —0.5. The reason for this is an assumed phos-
phate charge of —0.5 gives electrophoretic mobil-
ities in better agreement with experiment when
the buffer salt is Tris acetate. This point shall be
discussed in more detail in the next section. From
the first three entries, it is seen that reducing the
salt concentration, or raising the absolute charge
on the polyion, produces a greater electrolyte
friction effect: A =100(D(nr) — DLr))/D(nr).
Comparing the first and last entries, it is seen that
increasing the length of the DNA, and hence the
total polyion charge, is predicted to have little
effect on A. It is possible to understand this by
appealing to the theory of spherical polyions
[40,51]. For spheres with a central charge, it is
predicted that the electrolyte friction effect is a
function of the electrostatic potential averaged
over the polyion surface and modeling of the
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present structures predicts that these are almost
equal for 18- and 60-bp DNA despite their dif-
ferences in total charge. At .11 M KCl, the effect
is quite small and would be difficult to measure
experimentally. In addition, conditions which pro-
duce a large electrolyte friction effect (low salt
and high polyion charge) also enhance interparti-
cle interactions [51] and it becomes difficult to
disentangle effects on transport due to electrolyte
friction and macroion concentration. This helps
explain why very little experimental work has
been carried out that addresses this issue and
what little there is available is inconclusive [44,51].
Since the net charge of proteins is typically much
smaller than that of the DNA fragments con-
sidered here, the electrolyte friction effect is ex-
pected to be small. A transport property which is
far more sensitive to the charge of a biomolecule
is the electrophoretic mobility discussed next.

3.2. Free solution steady state electrophoretic mobility

In free solution steady state electrophoresis, a
macroion is placed in a constant external electric
field, e, in a Newtonian fluid which is at rest far
from the macroion. At steady state, the particle
translates with uniform average velocity, v, in the
same or opposite direction of e. In order to
calculate the electrophoretic mobility, w =uv/lel
(where units on p are typically in cm?/V s), it is
necessary to carry out additional model transport
calculations, called case 2, in which the polyion is
held stationary in a constant external electric
field. The case 2 force, z¥, for the structure in a
particular orientation can be written

P=-0-e (30)

Table 1
Predicted electrolyte friction effect of DNA fragments

Fig. 3. Two additional BE model surfaces. The upper figure is
a 20 A radius sphere modeled by 256 platelets, and the lower
figure is a ‘capped cylinder’, CC, model of 20-bp DNA (96
platelets).

where Q is the ‘effective charge tensor’. If the
counterion atmosphere can be ignored (valid for
weakly charged polyions in the limit of low salt),
the total force on a stationary charged particle is
simply the total charge, Q,.,, times e so Q@ = Q, .1
in this limiting case. The presence of an ion
atmosphere will alter this and in the general case,
the total force may not necessarily be in the same
direction as e. Hence the identification of an

Ry Phosphate charge Salt D (nr)* D(r) A

18 0.5 0.02 M Tris " Ac™ 11.42 10.69 6.4
18 0.5 0.04 M Tris " Ac™ 11.42 10.87 4.8
18 1.0 0.02 M Tris" Ac™ 11.42 10.07 11.8
20 1.0 0.11 M KCl 10.88 10.61 2.5
60 0.5 0.02 M Tris ™ Ac™ 5.66 5.29 6.5

*In 1077 cm?/s at 20°C, m = 1.0 cp.
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effective charge fensor. All components of Q can
be determined by BE calculations analogous to
that employed in case 1 transport discussed previ-
ously to compute the various components of the
friction tensors. From the total forces computed
for e oriented along three orthogonal directions,
all components of @ can be deduced. Provided
the external field is small, steady state elec-
trophoresis can be viewed as a linear superposi-
tion of case 1 and case 2 transport in which the
total force on the particle vanishes. The total
force on the particle is obtained by adding Egs.
(16) and (30) and setting this sum to zero. We
also saw previously that the translation-rotation
coupling contribution to Eq. (16) is very small in
all the examples considered in this work and can
be ignored to a good approximation. It is then
straightforward to define the mobility tensor

M=="'0 (31)

where the steady state drift velocity, u, of our
polyion oriented in a particular direction is re-
lated to e by the relationship u = Me. The aver-
age mobility, ., is obtained by averaging M over
all possible orientations since the field induced
orientation of the particle is negligible at suffi-
ciently weak field strength. Equivalently we can
write [73] w = Tr{M} /3 where ‘Tr’ denotes ‘trace’
of the tensor, or summation over the diagonal
components of M.

Wiersema and co-workers [32] carried out ex-
tensive calculations on the mobilities of spherical
polyions. As a first illustration of the BE method-
ology applied to free solution electrophoresis, we
shall consider one example which makes direct
comparison with this earlier work. The sphere
radius, a, is chosen to be 20 A, T = 25°C, = 0.89
cp, and a monovalent salt concentration of 0.577
mol /1 is assumed. This gives a solution with a
Debye—Huckel screening parameter, [3,11,70] «,
of 0.25 A~ ! and ka = 5.0. A single positive charge
is placed at the center of the sphere and its
magnitude chosen to give an average reduced
surface potential, y, = g{A)s/kT, equal to 3.00
+ 0.01. This y, is chosen since it is sufficiently
large to insure that ion relaxation has a signifi-
cant effect on p [32]. The actual charge placed at

the center of the model polyion depends slightly
on the number of surface platelets, N, represent-
ing the model sphere when y, is held constant,
but 66.5 (in protonic units) is typical. For the
diffusion constants of small ions, Wiersema and
co-workers chose X% =70x10"* m?/ohm mol
for both + and — ions, which corresponds to
r, =131 A, and that value is used in the present
work. In addition, a reduced mobility, E, is de-
fined

E= 66;(—2‘; " (32)

In the absence and presence of ion relaxation,
E is expected to be 3.41 and 2.74, respectively
[32]. The top structure shown in Fig. 3 is a sphere
modeled with N = 256 triangular platelets. In BE
modeling, the assumption is made that physical
quantities such as electrostatic potential, fluid
velocity, etc., are constant over a particular
platelet or volume element. A straightforward
way of investigating the numerical error this as-
sumption produces is to carry out several BE
calculations in which N is varied and plotting the
mobility, or E vs. 1/N. This ‘extrapolated shell’
procedure has been discussed previously in con-
nection with BE modeling [24,38]. There is no
fundamental reason to expect the mobility or
some other transport property to vary linearly
with 1/N. In fact, a model mobility may depend
on the detailed geometry of the plated structure
itself and not simply on N [38]. However, the
variation of mobility with N and structure geome-
try is fairly weak and provided accuracy to within
a few percent is acceptable, a simple extrapola-
tion of E vs. 1/N should be adequate. In the
present work, BE modeling is carried out on
three spherical structures with N =192, 256 and
512. The resulting ‘extrapolated shell’ plot for E
in the presence of ion relaxation is shown in Fig.
4. The linear least squares fit extrapolation of
1/N— >0 gives E=2.74 +0.01 which is in ex-
cellent agreement with the prediction of
Wiersema and co-workers [32]. For the N =256
structure shown in Fig. 3, E = 2.85 which is 4%
higher than the extrapolated shell limit. In gen-
eral, we have consistently observed that model
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Fig. 4. Extrapolated shell plot of reduced mobility, E, for a
spherical polyion. The reduced surface potential, y, =3 and
ka = 5. Ion relaxation is included.

mobilities are slightly larger than their extrap-
olated shell limiting values and they need to be
corrected when a high degree of accuracy is de-
sired. Both the present BE calculations and the
work of Wiersema and co-workers share the same
theoretical foundations and what the study on the
charged sphere example above shows is that the
numerical BE algorithm is functioning correctly.
We now turn our attention to comparing calcu-
lated mobilities to actual experimental values and
for that purpose, we shall consider short DNA
fragments since free solution mobilities are avail-
able from several laboratories under different
salt /buffer conditions [26,27]. Laue and co-
workers have thoroughly studied 20 bp pd(A),,-
pd(T),, at 20°C in 10 mM KCI plus 2 mM
Tris—HCI at pH 8. At this pH, half of the Tris is
protonated so the actual mobile ion distribution
is 10 mM K*, 1 mM Tris*, and 11 mM CI.
Previous work has shown that it is an excellent
approximation to replace the actual ion distribu-
tion above with 11 mM K* and Cl~ [39], and that
approximation is made here. Although the Tris™
counterions have a lower mobility than K, the
fact they are present at only 10% of the concen-
tration of K™ makes the distinction in modeling
unimportant. With regards to modeling the DNA
fragments, a detailed 352-platelet model (Fig. 1)
is considered as well as simpler capped cylinder
models [38]. The lower object in Fig. 3 is an
example of a 96 platelet capped cylinder model

for 20-bp DNA designed to reproduce D, for a
right circular cylinder of axial radius 10 A [see
discussion centered around Egs. (23) and (24)].
Also, ‘extrapolated shell’ capped cylinder mobili-
ties have been estimated following the same
procedure discussed above for the sphere, and
this model shall be called CC for the sake of
brevity. The experimental mobility measured by
Laue and co-workers [26] is —3.1+0.1x 1074
cm?/V s. Shown in Table 2 are a number of
mobilities for different model cases. In the first
entry, the ion atmosphere is totally ignored and
we are considering the steady state transport of a
polyion containing a bare charge of —40 translat-
ing at steady state in a solvent with n =1 cp. The
mobility is averaged over all possible orientations
of the CC model. The absolute model mobility is
over five times greater than experiment. The
model employed in the second entry is identical
to the first, but now the equilibrium ion atmo-
sphere is included in the calculation of w and
K/ Peexpr drops from 5.51 (first entry) to 1.35. The
large reduction in absolute mobility is due to the
fact that the ion distribution around the polyion
complements the charge of the polyion itself.
When the polyion and its associated ion atmo-
sphere are subjected to an external field, the
polyion and its atmosphere will tend to move in
opposite directions, and this generates a signifi-
cant counter-flow of solvent near the polyion sur-
face. This effect substantially reduces the abso-
lute mobility and is called the ‘electrophoretic
effect’ [32]. In the third entry, the distortion of
the ion atmosphere from its equilibrium value is
included and this is called the ‘ion relaxation
effect’ [32]. Note that p/p, is now 1.06 which
shows that at this level, modeling and experiment
are in quite good agreement. The last entry is
similar to the third, but now the crude CC model
is replaced by a realistic surface model. In this
case, W/ ey = 1.04. What these results demon-
strate is that the electrophoretic and ion relax-
ation effects make significant contributions to the
mobility, but that the details of the polyion sur-
face model are less important. Also, the fact that
experimental and calculated mobilities are in good
agreement, provided electrophoretic and ion re-
laxation effects are included in modeling, demon-
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strates that the continuum modeling procedure
employed here and in ‘classical’ electrophoresis
theory in general [29-36], is capable of predicting
free solution electrophoretic mobilities with
quantitative accuracy.

Next, we consider an example quite similar to
the previous 20-bp DNA case that does not give
good agreement between modeling and experi-
ment. It is an 18-bp DNA fragment (5'-
ACGATCACCTTTGCTCAC-3)) studied by Stell-
wagen and co-workers by capillary electrophoresis
[72]. The experiments were carried out at 25°C
(n=0.89 ¢p) in 40 mM Tris acetate at pH 8. At
this pH, half of the Tris is protonated and in
modeling we assume the Tris™ and Ac™ ambient
concentrations are 20 mM, respectively. In all of
the model results reported here, the elec-
trophoretic and relaxation effects are included in
modeling and are summarized in Table 3. The
first entry in the table is an extrapolated shell,
capped cylinder (CC) model with 36 phosphate
charges of —1 each placed on double helical
spirals within the cylinder. The calculated w is
substantially larger than the experimental value,
Meexprr Of 3.29+0.03 X 107* cm?/V s. Laue and
co-workers (personal correspondence) obtain a
similar experimental mobility on a 20-bp frag-
ment employing membrane-confined analytical
electrophoresis, when corrected for temperature /
viscosity differences, so the discrepancy is not due
to any systematic error in measurement. Thus,
the same model which worked quite well in KCl
does not work so well in Tris acetate. Physically,
an absolute mobility measured experimentally that
is lower than expected could be an indication of
an interaction /association of the Tris™ cations
for the DNA in addition the classical electrostatic
interaction. The classical electrostatic interaction

Table 2
Mobilities, w, of 20-bp DNA at 20°C (w in 10™* cm?/V s)

is included in BE modeling, but no additional
interaction such as hydrogen bonding is. In order
to account for this interaction in an approximate
way, we simply reduced the DNA phosphate
charges of the DNA by 50% to mimic possible
‘binding’ of Tris* cations to the DNA. When this
is done, good agreement between experimental
and model mobilities is achieved. Given earlier
successes in correctly predicting the elec-
trophoretic mobilities of model spheres and DNA
fragments in KClI salt, we feel confident that the
mobility studies of DNA in Tris acetate are
showing that there are indeed ‘binding’ interac-
tions between the counterion Tris™ and the DNA
that are not accounted for classically. This last
example shows us that electrophoretic modeling
studies may, in fact, reveal structural surprises
that were not anticipated beforehand.

The phenomenon of ‘ion relaxation’ has been
one of the central themes of this work, and it is
perhaps fitting that we end with a visual demon-
stration of it. Consider the example of an 18-bp
DNA ‘detailed” model (previous paragraph) trans-
lating at steady state along its helix axis in a
constant external electric field, e. Shown in Fig. 5
is a contour diagram of the perturbed ion density,
8p(x) = p(x) — p.(x) through a plane that con-
tains the helix axis of the fragment. The field, e, is
directed downward in the figure and the motion
of the particle is upward. White (black) shading
corresponds to a large and positive (negative)
dp(x), and neutral gray shading to 3p(x) = 0. The
DNA interior is represented by a neutral gray.
Clearly ion relaxation is largely dipolar in charac-
ter. The visualization of ion relaxation as well as
other field quantities was considered previously
for CC models of short DNAs [74].

MOdel 3] M/ Mexpt
Capped cylinder, CC, no salt 17.08 5.51
CC, 11 mM KCl, no ion relaxation 4.19 1.35
CC, 11 mM K(l, ion relaxation 3.27 1.06
352 platelet detailed, 11 mM KCl, ion relaxation 3.22 1.04
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Table 3
Mobilities of 18-bp DNA at 25°C in 40 mM Tris acetate (p in
107* em?/V s)

Model Charge W R/ Pexpt
CcC -36 4.20 1.28
cC —18 3.40 1.03
320 platelet detailed —18 331 1.01

4. Summary

The primary objective of this work has been to

Fig. 5. Perturbed ion density, dp(x), of an 18-bp DNA frag-
ment in steady state electrophoresis translating parallel to the
helix axis. A contour diagram in a plane which bisects the
helix axis. The motion of the fragment would be vertically
upward in the figure. White (black) shading corresponds to a
large positive (negative) 8p(x) and a neutral gray to dp(x) = 0.
The DNA interior is shaded a neutral gray.

illustrate the usefulness of boundary element
modeling in biophysics by applying it to a number
of specific transport problems. The most straight-
forward application is the prediction of diffusion
constants of biomolecules modeled as uncharged,
rigid arrays of triangular platelets. From ‘detailed’
modeling of a short DNA fragment, it was con-
cluded that the solvent accessible and hydrody-
namic shear surfaces are coincident to a good
approximation. We also considered a closed-cir-
cular super-coiled DNA to show BE modeling can
be applied to model biomolecules of considerable
complexity. Although most biomolecules in solu-
tion are charged, it is a good approximation to
ignore this in modeling sedimentation, diffusion,
and intrinsic viscosities provided the ion atmo-
sphere is not significantly distorted from its equi-
librium value. As a general rule, this ‘ion relax-
ation’ effect becomes important if the magnitude
of the average reduced surface potential, y, =
lg{Ay)s/kgT|, exceeds approximately 1
[29,32,40,48]. Although this condition is satisfied
for many biomolecules (weakly charged proteins,
for example), one important case where it is not
satisfied is DNA [75]. Ton relaxation produces
additional frictional drag on polyions which is
called ‘electrolyte friction’. We examined the ef-
fects of electrolyte friction on short DNA frag-
ments and predict approximately a 2—-12% reduc-
tion in D, depending on the salt concentration
and, to a lesser extent, the nature of the counte-
rion. It should be pointed out that there are
several theories of electrolyte friction [40-42,46]
which arrive at different conclusions regarding
the magnitude of the effect. Two short commen-
taries [43,44] provide a clear physical picture of
the issues involved. Basically, the ‘classical’ ap-
proach of Overbeek [29], Booth [40], and Stigter
[41] predict a substantially smaller electrolyte fric-
tion effect than predicted by Schurr [42] and
others [46]. The present BE modeling predictions
are based on the classical theory. Because the
effect is evidently small and difficult to disentan-
gle from other factors which contribute to the
diffusion of highly charged polyions at low salt
[45,51], there is a vital need for more experimen-
tal work to be carried out since we currently do
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not even know how large the effect is in a well
defined system.

The free solution electrophoretic mobility is a
transport property that is particularly sensitive to
charge effects and several examples were con-
sidered that made direct comparison possible
between BE modeling and: (a) earlier theory on
spherical polyions; (b) experiments on highly
charged DNA fragments. The initial comparison
showed that BE modeling is in excellent agree-
ment with previous theory. The case of 20-bp
DNA in KCI solution shows that the continuum
model employed in classic electrophoresis theory
is capable of yielding quantitative agreement with
experiment, at least under specific solvent /buffer
solutions. However, the mobility of the final ex-
ample of 18-bp DNA in Tris acetate solution
could not be reproduced by modeling unless the
phosphate charge of the DNA is substantially
reduced. Given the successes in the other exam-
ples considered, we believe what this is telling us
is that there is an association between Tris*
counterions and DNA that is not accounted for in
modeling, perhaps hydrogen bonding.

Finally, other transport properties not con-
sidered in the present work, but which could be
studied by BE modeling include intrinsic viscosity
[50], electrical conductivity [76], and electric bire-
fringence /dichroism [77-82]. At the present time,
there is limited experimental data with regards to
viscosity and conductivity on systems which could
be realistically modeled as rigid structures. There
is a considerable experimental birefringence /di-
chroism data on DNA fragments [77-79], but
there are particularly difficulties related to theo-
retical modeling [81,82] which must be dealt with
before the BE procedure can be applied to that
problem. Work on the birefringence /dichroism
problem is currently underway in this laboratory.
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